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1 Introduction 

Let LP (1 < p < oo) [C] be the class of all 27r-periodic real-valued functions 
intcgrablc in the Lebesgue sense with p-th power [continuous] over Q = [—it, tt] 
and let X p = LP when 1 < p < oo or X p = C when p = oo. 
Let us define the norms of / e X p as 



._ I {/ | f(x) \ p dxj v when 1 < p < oo 



vp - ll/(vil . - ') <-"<3 

SUPzGQ I /fa) I when P = 00 



and 



ks = \\f\\x P , x ,s = \\f(-)\\x P ^ S := sup \\f(-)\\°x,, x , h 

0<h<8 
i_ 

M / I /(*) \ p dt } when 1 < p < oo 

sup | /(x + t) | > when p = oo 
o<\t\<h J 

where 

11/11*,* = ll/IIW,* = ll/(-)IIW,* 

\jhT\f(t)\ P dt\ whenl<p<oo 
sup I f(x + h) | when p = oo 

0<|t|</i 

We note additionally that 

||/lk*,o = ||/||x,x,o =1 /fa) I • 
Consider the trigonometric Fourier series of / 

S/fa) = ^f- + f> fe (/) cosfcx + b k (f) sin fcx) 



fe=0 



with the partial sums Skf ■ 
Let 



1 ™ 

<r n ,mf(x)--= — r Y] Sfc/(a;) (m < n = 0, 1,2, ...) 

m + 1 

As a measure of approximation by the above quantities we use the pointwise 
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characteristics 

w x f{8) = w x f(S) X p ■= \\A x f (-))\\xp,x,s 

SU P \ k J-h\ A *f W dt Y P whenl<p< TO 

1<h<8 > 



sup < sup | A x f (t) | > when p = oo 

0<h<5 I 0<\t\<h J 



cf. [T] and 



</(<5) = v>° x f(S) x ,:=\\A«f(Wx*,*,6 

i/p 



{± f_ s \A x f (t)\ p dt} P whenl<p<«) 
sup | A x f (t) | when p = oo 

0<\t\<5 



and also 



and 



where A,/ (t) :=f(x + t)-f (x) , 

constructed on the base of definition of X p —points ([Lebesgue points(L p — points)] 
or [points of continuity (C — points)]). We also use the modulus of continuity 
of / in the space X p defined by the formula 

wf{8)=uf{5) xr := sup \\A.f{h)\\ XP 

0<\h\<5 

and its arithmetic mean 

\n + lj \n+ 1 / XP n + 1 ^ k + 1 

We can observe that, for / £ X p and p > p , 

\\w..f(S) x 4c<uf(S) c , 

whence 

l|n../(«)jfp||c<n/(«) c 

and 

IK/(<5)x*||x*> <uf(6) XP , 
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whence 

m°J(5) XP \\ XP <Slf(8) XP . 

Let introduce one more measure of poitwise approximation analogical to the 
best approximation of function / by trigonometric polynomials T of the degree 
at most n (T £ H n ) 

E n (f) XP := inf {||/(-) -T(.)|| XP }, 

J- t li n 

namely 

E n (/, x; 6) = E n (/, x- S) XP := |||/ (•) — T {■)\\ XP . X . S } 

i f* h \f(x + t)-T(x + t)\ p dt P X when 1 < p < oo 



and 



inf < sup 

TeH n [o<h<5 

inf < sup | f(x + h) — T [x + h)) | > when p = oo 

Teff » I 0<|7i|<(5 I 



£° (/,z;<5) = E° (f,x;S) XP := ^ {||/(-) -T(-)\\ XP x S } 
We will also use its arithmetic mean 



F n ,m (/, x) — F n , m (/, x) • 



k=0 v ' 



X 



and 



1 m / 7T \ 

^n,m (/) X ) = ^n.m (/) a -)jfP ' = TT ^™ ( f' X ' b _l_ 1 ) 

m+1 fc=Q \ K + 1 / X p 

Denote also 

XP (w x ) = {/£P: w x f (6) < w x (6)} , 

where w x is a function of modulus of continuity type on the interval [0, +00), i.e. 
a nondecreasing continuous function having the following properties: w x (0) = 
0, w x (81 + 6 2 ) < w x (Si) + w x (5 2 ) for any < 81 < 5 2 < <5i + S 2 . 

Using these characteristics we will show the pointwise version of the Steckin 
[5] generalization of the Fejer-Lebesgue theorem. As a corollaries we will obtain 
the mentioned original result of S. B. Steckin on norm approximation as well 
the result of N. Tanovic-Miller [6] . 

By K we shall designate either an absolute constant or a constant depending 
on some parameters, not necessarily the same of each occurrence. 
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2 Statement of the results 

At the begin we formulate the partial solution of the considered problem. 
Theorem 1 J^jlf f € X p then, for any positive integer m < n and all real x, 



Wn,mf{x) - f(x)\ < n 2 E°_ m {f,x 



2n „ m + 1 )x +6F„°„„ l!m (/, x) 
K-m(f>X,t)x 



X 



t 



-dt + E°_ m (f,x;0) 



Xi' 



and 



1 +ln 



n + 1 



m + 1 



Wn,mf (x) - f (x)\ < (6 + 7T 2 ) F n - m , m (/, x) XP 

Now, we can present the main result on pointwise approximation. 
Theorem 2 If f £ X p then, for any positive integer m < n and all real x, 

I t 1 \ i I M ^ ts Fn — m+v,m (fi x ) X p + Fn—m+v,u {fj x ) Xp , c It n\ 

Wn,mj{x) ~ f(x)\ <K^ ■ — +E 2n (f,x;0) XP 

m + v + 1 

This immediately yields the following result of Steckin [5] 
Theorem 3 If f £ C then, for any positive integer n and m < n 



Km/(0-/(-)ll C <^E 



n— m+ 



,(/)( 



m + v + I 



Remark 1 Theorem also holds if instead of C we consider the spaces X p with 
1 < p < oo. In the proof we need the Hardy- Littlewood estimate of the maximal 
function. 

At every X p — point x of / 

&xf il)xp = °x (!) as 7^0+ 

and thus from Theorem 1 we obtain the corollary which state the result of the 
Tanovic-Miller type [6]. 

Corollary 1 If f € X p then, for any positive integer m < n at every 
X p — point x of f, 



Wn,mf (x) ~ f(x)\ = O x (1) 



1 + ln 



n+1 
m + 1 



as n —> oo 
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3 Auxiliary results 

In order to proof our theorems we require some lemmas 

Lemma 1 If T n is the trigonometric polynomial of the degree at most n of the 
best approximation of f £ X p with respect to the norm \\-\\ XP then, it is also 
the trigonometric polynomial of the degree at most n of the best approximation 
of f G X p with respect to the norm \\-\\ XP x s for any S G [0,7r] . 

Proof. From the inequalities 

\\E n (f,;S) XP \\ XP > \\E^(f,;6) XP \\ XP 

11/ — T n j \\xp_._5 



Xp 



\\f-T n 



Xp 



> 11/ - T n \\ XP = E n (f) XP 



and 



\\E°(f,.,5) XP \\ XP < \\f-T n \\° X P... s v =\\f-T n \\ XP =E n (f) 



Xp 



>Xp ' 



where T n ^ and T n are the trigonometric polynomials of the degree at most n 
of the best approximation of / G X p with respect to the norms |H|^> x & and 
|| - 1| j^p respectively , we obtain relation 



\f-T n 



Xp 



1/ -^"ILyp ~ En {f ) X p i 



whence T„ i( 5 = T n for any S £ [0, tt] by uniqueness of the trigonometric 
polynomial of the degree at most n of the best approximation of / G X p with 
respect to the norm \\-\\ XP (see e.g. [2] p. 96). We can also observe that for such 
T n and any h G [0, 6] 



\\f -T n \\° X P. x . h = E° n (f,x,h) XP <E n (f,x,5) XP < ||/-r„| 



Xp.x.S 



Hence 

E n (f,x,S) Xp = \\f -T n \\ XP x ^ 
and our proof is complete. ■ 

Lemma 2 Ifn G No and 8 > then E n (f,x;6) XP is nonincreasing function of 
n and nondecreasing function of S. These imply that for m, n G N the function 
F n ,m (fy%) X p is nonincreasing function of n and m simultaneously. 



G 



Proof. The first part of our statement follows from the property of the norm 
|| ■ || 3 s and supremum. The second part is a consequence of the calculation 

F n ,m+i(f,x) XP m + 1 ( En (^ x '-^vi) XP 



l( E n (f, X ;^) xp 



m . 



m + 2 I ipm F ( , _*_\ 



m + 2 \ m+1 



Lemma 3 Let m,n,q G No such that m < n and q > m + 1. If f G X p £/ien 

9-1 : 

l&n+q.mf \X) &n.mf ^ ^^n-m.m (/> ^) yp / . ; ; 7 ' 

m + f + 1 

i/=0 



Proof. It is clear that 



CTn.m/W = — !— J2 ~ f f{x + t)D k (t) 

= - f f(x + t)V n<m (t) 



dt 



where 



1 ™ 

V(i) = — V Dfc(t) and D fc (t) = 

m + 1 , 



sin 



2 sin 4 



Hence, by orthogonality of the trigonometric system, 

&n-\-q,mf ^n.rnj (#) 

= - f [f{x + t)~ T„_ ro (x + t)] (V n+q , m (t) - V n>m (t)) dt 

^ ™ /-IT 

k—n — ra 
■ (2k+2q+l)t ■ (2fe+l)t 

sm ^ ^ — sm i — 

2 2 ^ 

2 sin I 

k=n—m 



dt 



sin f cos (2fc + +gl)t 

^ 2 rft 

sin tt 
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with trigonometric polynomial T„_ m of the degree at most n — to of the best 
approximation of / . 
Using the notations 



h = 
h = 



7T 7T 

<?' q 

-7T, ■ 



h 



7T 7T 



m + 1 g 



U 



<7 ' to + 1 



TO + 1 





7T 


u 


TO + 1 





we get 

E 



^(toTT) ^ (/ + / + /) [/(« + ')-r B _ fB (* + *)] 



sin f cos (2fc + g+1)t 

^ ^ dt 

sin £ 



and 



E/ 2 E/ 3 ' 

Ei - WmTT) £ / l/(* + t)-r„- ra (» + t)|gift 

k—n—m t 

= f / |/(a: + t)-T n _ ro (a; + t)|dt 
< 2E n — m [ f,x; I 

V qJ xv 

We next evaluate the sums ^2 anc ^ S3 using the partial integrating and 
Lemma 1. Thus 



\f{x + t)-T n _ m (x + t)\ 



dt 



h 

= 2 



< 



1 r 

- \f(x + u)-T n _ m (x + u)\du 

fTnTi 1 r 1 ft 
+2 / - — / 1/ (x + u) - T„_ m (x + u)\ du 

Q t 

2E n — m I /, x' : J + 2 / —E n — m (/, x; ^j^p 



7T 



TO + 1 
7T 

TO + 1 



1 + ln 



m+ 1 



1+ E — 1 



i/=0 



TO + V + 1 
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and 



< 



1 f\f(x + t) (x + t)\ 



m 



-J 



E coa(kt+2±±t\ 

k—n~m 



dt 



< 



i r\f{x + t)-T n _ m ( x + t)\ 



m + 



-J 



("+!)« nna (2n-m+q+l)t 



2 sin - ^ ; cos 



2 sin | 



dt 



< 



n f \.f ( x + t) 

(x + t)\ 



m + l 



I 



i 2 



dt 



m + l 



dt 



< 



1 /"* 

Y t J \f(x + u)-T n - m {x + u)\du 
+4 J Y t J \f(x + u)- T„_ TO (x + u)\ du 



-^-j^2E n - m (f,x;ir) XP +4 J ^E n - m (/, x; t) XP cftj 



2tt 
m + l 

2tt 
m + l 



x;tt) Xp +2^ 

2 m_1 f k + 2 / tt 

En—m (/; 7r) v- p H > / E n — m I /, x; 

^ A+l V « 



2tt 
m+l 



{E n —m (/? 7r )xp / > E n — m I /, a;; ) > 

V k + lJ XP j 



2^+| ^ / 7T 



m + 



k=0 



XP 



which proves Lemma 2. ■ 

Before formulating the next lemmas we define a new difference. Let m, n <G 
No and m < n. Denote 

T n ,mf (x) := (m + 1) {<T n+m+ltm f (x) fix)}. 
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Lemma 4 Let m^n, fi E No such that 2ji < m < n . If f E X p then 

TTi 

\T n , m f(x) -Tn-^m-^/ (x)\ < K^F^^+i^i {f,x) XP In—. 

A* 

Proof. The proof follows by the method of Leindler[3]. Namely 

n+m+l n 



and 



n — fi,m—fi 



f( X )=\ E ~ 2 E 

. fc=n+m — 2/i+2 A:— n — /i+1 y 



< 



(''"njm/ (*^) ^Vi— fain— fJif 0*0 1 — 
n+m— n 

E - E ) -/(*)] 

,fc—n+m — 2/i+2 fc=n — /x+1 
n+m+l n 

E - E I -/(*)] 

. k=n-\-m — /^+2 fc=n— /a+l 



= A* kn+m-M+Lfi-i/ (a;) - o- n ,/t-i/ (a;) I 

+/i |<7 n +m+l,|i-l/ (») - CT n)At _i/ (x)| . 

By Lemma 2 , for 2/i < m, 

\^~n,mf \X) Tn—^^m—^f (^) | ^ 



< iT/iF„_ M+ i iM _i (f,x) XP 1 + ln 



(n — /i + 1) + /i — 1 



1+ln 



m + /i — 1 



, m 
1 + In — 



< ^F„_ M+ i jA( _i (/, a;) XP 
and our proof is complete. ■ 

Lemma 5 Let m, n € No and m < n . If f S X p t/ien 



|7V,, m /(a;)| < if E F k,k-n+m(f,'- 



IXP ■ 



Proof. Our proof runs parallel with the proof of Theorem 1 in [5] ■ 
If m — then 



|T n ,o/(aO| = |<r n+1>0 / (x) -c7- n ,o/(ar)| < KF nfl (f,x) 



Xp 
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and if to — 1 then 



|r„,i/(a;)| < 2\a n+lil f (x) - a nA f (x)\ < KF n _ 1A (f,x) XP 
< K[F n _ hl (f,x) XP +F„_i i i [f,x) XP ] 
, x) XP + (/, 

by Lemma 2 and Lemma 3 

Next we construct the same decreasing sequence (m s ).of integers that was 
given by S. B. Steckin. Let 



too = to, to s = TO s _i 



TO s _i 



(« = 1,2,...) 



where [y] denotes the integral part of y. It is clear that there exists a smallest 
index i > 1 such that m t = 1 and 

to = m > toi > ... > m t = 1. 

By the definition of the numbers m s we have 

m s > m s _i/2 



to s _i - m s = 



TO s _i 



> 



m s -i 



(« = l,2,...,t) 



whence 
and 



m t _i = 2, m t _i-TO t = l 
m s _i - to s < to s < 3 (to s - to s+ i) (s = 1, 2, t - 1) 



follow. 

Under these notations we get the following equality 

t 

7~n,mf {x) ^ ^ (^Vi — m+m s _i,m s _i/ (^) Tn — m+m B ,m B f (^)) "i" ^ti-m|m(.m t / (^) 
s=l 

whence, by m t = 1, 
t 

\^n.mf (x) | ^ ^ | 7n— m+m s _i ,m s _i / {%) ^n— m+m s ,m s f (^) | ~t~ l^n — m+m t / (^) I 
s=l 

follows. 

It is easy to see that the terms in the sum X^ s =i > by Lemma 4, with 
/i = to s _i — to s and to = TO,s_i do not exceed 



{f,x) XP In 

where (s = 1, 2, t — 1) . 



TO S _1 



to s _i - TO S 
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and by Lemma 3 we get 

\7~n— m+1,1 

f(x)\ < 2 \a n -m+2,lf ( x ) f(x)\ <KF n _ m>1 {f,x) XP 

Thus 

t-i 

m s - m s+ i) 

s=l 

— m+2,m— 2 

whence, by the monotonicity of F Utfl (f,x) XP , 
|r„, m / (x)\ 

(t-1 m s 2 

^ t ^ ' Fn — m+v+l,v {fi x )xp ^ , -^n— m+v,m— u— 1 (fi x )xp 
s—1 u— m s + i + l y=0 

~t~-^-^n— m,l (,fi x )x p 
mi+1 

>X» 



(/> %)xp + KFn^i (/, x) : 

m 



4 Proofs of the results 
4.1 Proof of Theorem 2 

The proof follows the lines of the proofs of Theorem 4 in [5] and Theorem in [3] . 
Therefore let n > and m < n be fixed. Let us define an increasing sequence 
(n s : s = 0, 1, ...,t) of indices introduced by S. B. Stecki in the following way. Set 
no = n. Assuming that the numbers no, n s are already defined and n s < 2n, 
we define n s+ i as follows: Let v s denote the smallest natural number such that 



Fn s — m+u B ,v (/) •Ejxp — o —m,u (/> x ) X p \V — 0, 1, 72.) , 



1 

2 

According to the magnitude of v s we define 



n s — m + 1 for v s <m , 

n s+ \ — ^ n s + v s for m + 1 < v s < In + m — n s , 
2n + m for i/ s > 2n + m — n s 
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If n s +i < 2n we continue the procedure, and if once n s+ i > 2n then we stop 
the construction and define t := s + 1. 

By the above definition of (n s ) we have the following obvious properties: 



and 

and relations 



t > 1, n = n < ni < ... < n t , 2n < n t < 2n + m, 
n s+ i-n s >m + l (s = 0, 1, t - 1) , 
1 



and 



^i-m^t/j^lp fi: c^Fris—m.v (,f i x ) xp S 0,1, ...,t 2, 



[Ks-m.i/f/t^jxp - ^ii s |i-m-l,f (/i^)xp f^ 1 " 5 — 0,1,..., t 1 



whenever n s+1 — n s > m + 1. 
Let us start with 



Wn,mf(x) ~f(x)\ = ^2[\(?n a ,mf(x)-f{x)\-\a n3+l!m f(x)-f(x)\] 
s=0 

f(x)-f(x)\ 

t-1 

- E \<7n e+1 ,mf (x) - Vn s , m f (x)\ + \<7 nt ,mf {x) - f (x)\ 
1 



s=0 
t-1 



= E 



s=0 



m - 



+ Wn t ,mf(x) ~ f(x)\. 



Using Theorem 1 and that 2n < n t < 2n + m we get 



f(x)-f(x)\ < KF nt 

—m,m (/; x )xp 

n 



l + ln 



n t + 1 



\f(x)-T nt _ m (x) 



< 



v=0 



m + v + 1 



m + 1 

+ \f(x)-T nt _ m (x)\ 



< 



< 



< 



n 
n 

*E 



F^n— m-\-v,m {ft ^)xp ^n — m-\-v,v {ft 







m + V + 1 










rn+u,v (/; x)jrp 






m + v + 1 




F n 








m + v + 1 



+ |/(a;)-T„ t _ m (x)| 

+ E nt —m (/i 2-i 0)j>fp 

+ (/, a;; 0) XP . 



The estimate of the sum we derive from the following one 

7i s _l_i— n s — 1 



1 



m + 



± K E 

i/=0 



m + + 1 
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The proof of this inequality we split in two parts. If n s+ i — n s = m + 1, then 
by Lemma 5, 



1 1 ™ s 

j T n B ,mf {x) < ^ -i- 1 ^ ^ Fk,k — n 3 +m (1 \ x) X? 



m + 



n s -t-i — n s — 1 



< 



* E 



i/=0 



TO + Z/ + 1 



If n s+ i — n s > to + 1, then, by Lemma 3, 
1 



TO + 



^ T~n s ,mf ( x ) 



n„ i i — n„ — 1 



1 



v=0 



TO + V + 1 



and since iF„ s _ m , m (f,x) XP < F„ s+1 _ m _i im (f,x) XP we have 

n s _)_i — n s — 1 



l 



TO + 1 



7n s .m,/* (^) 



i 



i/=0 



TO + ^ + 1 



n s +i— n s — 1 



< 



2K y: 



v=0 



TO + Z/ + 1 



Consequently, 



t-i 

E 



1 



^ T~n s ,mf (x) 



TO + 
t-1 n s -l 



< 



2*E E 

s=0 j/=0 



Fji s — m+u.m (f: ^)xp Fn e — m-\-v,v (f: X) 



TO + V + 1 



Since n s+ i — n s < 2n + m — n— 1 = n + m — 1 for all s < i — 1 , changing the 
order of summation we get 



t-i 

E 

s=0 



TO + 1 

n+m— 1 



T n s ,mf [x] 



— %K y ' TO + + 1 ^ ' -rn+v;m (fi x )xp F ns —m+v,v (f, x )xp] 



m + v + _ 

u=0 s:n 3 + 1 —n 3 >v 



Using the inequality 



-fn 3 + i — m.u (/j x)jrp ^ ^F rls — m l ,( y f,x)- X p 



f i/ = 0,l,2,...,n a+] 
I s = 0,l,2,... 



,•+1 -n a -l 
t-2 
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we obtain 

^ ^ \F ris — ra j rU m (/, x) xp ~\~ F ns _ ra + Vll (/, x)j^ p ] 

s:n s + i — n s ~>v 

Fn v —m+v,m (/j x ) Xp Fn p — m+v,v (/j x ) Xp 

+ ^ ' [-Pri s + i— m+i/,m (f, x ) Xp Fn s +i—m+v,i> (f , ^^p] 

s>p+l:n s +i— n e >v 

^ Fn p —m+u,m {f: x p Fn p — 'm+VM (/; XP 

~t~ ^ ^ -^n s — m,m (/> ^)xp [-^n s — m,m (/? x )xp Fn s —m,v (/> ^)xp] 
s:s>p+l 

F r i p —m+v,m (/: ^Jjp + Fn p — m+v,L' (/) ^)xp ^ 2 [in p+ i-m,m (/j ^Jjfp + Fn p+1 —m,v (/> J^)xp] 
3 ^Frip—ra+u.m (Ii x ^)xp Fn p —m+v,v (/j^Jxp] ) 

where p denote the smallest index s having the property n s+ i ~ n s > v. 
Hence 



t-i 



s=0 



n+m— 1 



F n — m-\-v,m {f: ^)xp ^n— m+f,f (/> 



n 

and our proof follows. 



m + v + 1 

i/=0 

^n-m+f,m (/; x ) Xp Fn — m+u,L> (/; ^)xp 

;y=0 



4.2 Proof of Theorem 3 

The proof follows by the obvious inequality 

\\E n (f,x;5) c \\ c <E n (f) c . 

U 
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